This work was motivated by the goal of removing the hypothesis of simple connectedness from the rational homotopy theory of D. Sullivan. To a simply connected space X is associated it's rational localization φ : X → X 0 , and to the differential graded algebra A(X) of rational polynomial forms on X it's Sullivan minimal model ψ : M → A(X). It is shown that the minimal model M is dual to the Postnikov tower of X 0 . Thus M determines the rational homotopy type of X.
Preliminaries.
We use semi-simplicial homotopy theory, and notation for the most part as given in [8] . Definition 1.1. A semi-simplicial complex K is a sequence of sets {K n } n≥0 where K n is called the set of n-simplices of K, together with functions ∂ i : K n → K n−1 and s j : K n → K n+1 , 0 ≤ i, j ≤ n. If σ ∈ K n then ∂ i σ is called the i th -face and s j σ is called the j th -degeneracy of σ. The functions ∂ i and s j are required to satisfy the following relations: singular complex of X, by letting S n (X) be the set of all singular n-simplices in X. ∂ i : S n (X) → S n−1 (X) and s j : S n (X) → S n+1 (X) are defined by
If f : X → Y is a continuous map, f induces the semi-simplicial map S(f ) : S(X) → S(Y) defined by S(f )(σ) = f • σ. It is straight forward to show that S(X) is a Kan complex, and it is clear that S thus defined is a covariant functor from the category of topological spaces to the category of semi-simplicial complexes.
Definition 1.5.
A simplicial group is a semi-simplicial complex G such that: (i) The set G n of n-simplices is a group, n ≥ 0; (ii) The face and degeneracy operators ∂ i : G n → G n−1 , and s j : G n → G n+1 are group homomorphisms, 0 ≤ i, j ≤ n.
A simplicial group is a Kan complex, see [8, 17.1] .
Definition 1.6.
A simplicial group G is said to operate from the right on a semi-simplicial complex E if there is a semi-simplicial map φ : E × G → E such that:
φ(σ, e q ) = σ; (i) φ(σ, g 1 g 2 ) = (φ(σ, g 1 ), g 2 ).
(ii)
We will denote φ(σ, g) by σg. A left operation is defined similarly.
G is said to operate principally on E if whenever σg = σ for some σ ∈ E q we must have g = e q . Notice that G operates principally on itself from both the left and the right. If G operates principally on E, then we define a quotient complex B of E by identifying σ and σg for all σ ∈ E q , and g ∈ G q . The natural map p : E → B is called a principal fibration with base B and structure group G. Definition 1.7. Let F and B be semi-simplicial complexes, and G a simplicial group which operates from the right on F. A (right) twisted cartesian product, or TCP, with fiber F, base B, and group G is a semi-simplicial complex denoted by either F × τ B or E(τ ), which satisfies E(τ ) q = F q × B q and has face and degeneracy operators:
where τ : B q → G q−1 is called the twisting function. The requirement that E(τ ) be a semi-simplicial complex is equivalent to the following identities 
Eilenberg-MacLane Complexes.
Definition 2.1. Let π be an arbitrary group. Define a simplicial group K(π, 0) as follows:
(ii) K(π, 0) is a minimal complex of homotopy type (π, 0).
Definition 2.2.
Let X be a Kan complex with exactly one 0-simplex φ. Let π = π 1 (X, φ). Define a graded function τ : X q → K(π, 0) q−1 by τ (x) = [∂ 2 . . . ∂ q x] ∈ π. The function τ satisfies the following identities:
It follows that τ is a (right) twisting function. Definition 2.3. Denote the PTCP K(π, 0) × τ X by X. X is the universal covering complex of X.
Definition 2.4.
Let π be an arbitrary group. define a semi-simplicial complex W(π) as follows. 
Definition 2.6. Let G be an abelian group, ∆[q] be the standard semisimplicial q-simplex, and n ≥ 2. Define a simplicial abelian group C(G, n + 1) as follows. Let C(G, n + 1) q = C n (∆[q]; G) the group of normalized n-cochains on ∆[q] with coefficients in G. An element of C(G, n + 1) q is determined by a function µ :
Define a simplicial group homomorphism δ :
). Thus δ maps C(G, n + 1) onto K(G, n + 1) with kernel K(G, n). K(G, n) operates principally on C(G, n + 1) by ordinary addition of cochains. It follows that δ : C(G, n + 1) → K(G, n + 1) is a principal fibration with group K(G, n). K(G, n) is a minimal complex of homotopy type (G, n) and C(G, n + 1) is contractible.
Definition 2.8. The correspondence x → x(σ n ) between C(G, n + 1) n and G determines an n-cochain on C(G, n+1) with coefficients in G. Denote this cochain by u n ∈ C n (C(G, n + 1); G). u n is called the fundamental cochain of C(G, n + 1). Note that if µ ∈ C n (∆[n + 1]; G) then (δu n )(µ) = u n+1 (δµ). It follows that u n restricted to K(G, n) is a cocycle. We denote this cocycle by ω n and call it the fundamental cocycle of K(G, n). It's cohomology class is denoted by ι n . Lemma 2.9. Let K be a semi-simplicial complex. Define
Proof. See [8, 24.2] .
φ and ψ restrict to give isomorphisms between the cocycles Z n (K, G) and the maps Hom S (K, K(G, n)). Finally we have:
and only if φ(f ) is cohomologous to φ(g). Hence there is a one to one correspondence between the set of homotopy classes [K, K(G, n)] and the set of cohomology classes H n (K; G).
Proof. See [8, 24.4 ].
Definition 2.11. Let π be a group, K be a semi-simplicial complex. By a simplicial operation of π on K we mean an operation of K(π, 0) on K. Note that if π operates simplicially on K, then each x ∈ π determines a simplicial automorphism x : K → K. If π opperates simplicially on the complexes K and L, a map f : K → L is called equivariant if f (xσ) = xf (σ) whenever x ∈ π and σ ∈ K.
If π operates on the abelian group G, and operates simplicially on K,
Definition 2.12. Let π be a group, G be an abelian group. Suppose π operates on G, then π operates simplicially on C(G, n + 1) as follows.
It should be noted that equivariant maps correspond to equivariant cochains in (2.9), and equivariant homotopy classes correspond to equivariant cohomology classes in (2.10).
L π (G, n)'s and the classification Theorem.
Definition 3.1. Let π be a group. A π-module is a pair (G, φ) where G is an abelian group, and φ : π → Aut(G) is a group homomorphism defining π as a group of operators on G.
If (G, φ) is a π-module, then φ induces simplicial operations of π on C(G, n+ 1) and K(G, n) as in (2.12) .
Note that π acts simplicially on W(π) by
Where we quotient out by the diagonal operation induced by the left operations of π on K(G, n) and Proof. This is a straightforward check.
We will hence forth use
is a minimal complex, with exactly one 0-simplex. It's fundamental group is π and it has exactly one other non-vanishing homotopy group in dimension n, which is isomorphic to G.
is given by the homomorphism φ : π → Aut(G) which defines G as a π-module.
Let L be the universal covering complex of L π (G, n). Proof. This is a straightforward check.
Definition 3.7.
Define a map p :
is the usual projection. Consequently we may consider p :
If X is a one pointed semi-simplicial complex, with π = π 1 (X), p : X → X the universal covering, (G, φ) a π-module, let C * (X; G φ ) be the cochain complex on X with coefficients in G twisted by φ, and C * ev ( X; G) the cochain complex on X of equivariant cochains. We have the following theorem due to S. Eilenberg Proof. We define a natural cochain map p *
where p is defined in (3.7) and p 1 is projection on the first factor. p 1 is an equivariant map so we have the induced diagram
We define the fundamental class 
We will need the following result:
Lemma 3.12. Let X be a one pointed complex, and α : π 1 (X) → π be a group homomorphism. Then there is a unique map g α : X → W(π) inducing α on the fundamental groups.
Proof. (i) Uniqueness. Suppose f : X → W(π) induces α on fundamental groups. Since both X and W(π) are one ponted we must have f (x 0 ) = (1). Suppose x ∈ X 1 , and let
(ii) Existence. It is straight forward to check that the function defined above is a simplicial map.
4.
The twisted coefficient serre spectral sequence. Definition 4.1.
Let p : E → B be a Kan fibration, with fiber
The suspension is σ = τ
In general, τ and σ are inverse additive relations.
Theorem 4.2. There is a natural first quadrant spectral sequence {E
and {E p,q ∞ } p+q=n gives the graded object associated to the induced filtration on H n (E; G φp * ). Furthermore the additive relation:
is the transgression. In particular
an isomorphism for all i < n, and the following is an exact sequence of qroups and group homomorphisms
Proof. Let u q ∈ C q (C(G, q + 1); G) be the fundamental cochain, and let
We claim that p
Notice that
Hence
Geometric realization and the Postnikov tower.
This section follows McClendon [9] , except that he worked in the category of C.W. complexes. 
with obvious face and degeneracy operators, and q(e, x) = x. Then E f is a complex over D and q is a Kan fibration over D. Note that if p is a minimal fibration then so is q.
, and L π (G, n+1) are W(π)-sectioned complexes via the maps p 2 and s 0 where
) is a sequence of maps of W(π)-sectioned complexes, and p is a fibration over W(π).
has an abelian group structure with identity element [s 0x ].
Furthermore, suppose F is a homotopy f ∼ = f over W(π) and G is a homotopy g ∼ = g over W(π). Then as maps X × I → L π (G, n + 1) we can form F + G which is a homotopy (f + g) ∼ = (f + g ) over W(π). Therefore the addition is defined on homotopy classes over W(π).
Lemma 5.4. Suppose (X,x) is a one pointed complex over W(π). Ifx induces the homomorphism
is an arbitrary semi-simplicial map inducing α on fundamental groups, then (p 2 f ) * = α. But by (8.16 ) there is a unique map X → W(π) inducing α on fundamental groups. Thus p 2 f =x.
A similar argument shows that if
It follows that (f + g)
. Taking account of (3.11) and (5.4) we now have:
Proof. Sincex is the trivial map, and τ (s
is a group homomorphism.
Proof. Since f is a map over W(π) it follows thatŷf is trivial.
Definition 5.8.
→ B is a Kan fiber sequence, and f : B → L π (G, n + 1) is a semi-simplicial mapping. Then f induces maps making F, E, and B complexes over W(π), and i, p, and f maps over W(π). Let q : P f → B be the pullback over W(π) by f of the fibration p :
Consider the following diagram
We say that u :
Since F → W(π) is trivial, by (5.7) the following map is a homomorphism:
Theorem 5.9. Σf is a left coset of the subgroup
Proof. (i) Consider the diagram:
Observe that Σf = i
We prove the following:
The action is natural with respect to maps (X, A) → (X , A ).
It is easy to check that this action is defined on homotopy classes.
Let g : (X, A) → (X , A ) be a map over W(π). Consider the maps
. By choice of representatives we may assume q •α = q • β. Now we can write:
Thus ηβ = α as required.
(iii) We apply (ii) with (X, A) = (F, F), and again with (X , A ) = (E, F).
is trivial. Consider the maps:
Note that:
Under these bijections the action of
So by (i) we have Σf
as was to be shown.
Suppose that F
→ B is a Kan fiber sequence of one pointed complexes, with π = π 1 (B), and π k (F) = 0, for k < n. We make the identifications:
and
is the transgression, then τ is a homomorphism with ker(τ ) = i * H n (E; G φp * ). Thus if σ is the suspension, and Proof. It suffices to find a common element in these two cosets. Let [u] ∈ Σf and consider the following commutative diagram
Let σ, σ be the suspensions corresponding to the first and third rows, respectively. Recall that ι n ∈ σ (λ n+1 ). then, by the naturality of the suspension, we have u
To construct the Moore-Postnikov tower for a connected Kan complex by the present method it remains only to show that the fundamental class of the fiber can always be realized.
Lemma 5.12. Suppose n ≥ 2, and π k (F) = 0 for k < n. Let f ∈ H n (F;π n (F)) be the fundamental class, and φ : π 1 (B) → Aut(π n (F)) be the action determined by the fibration. Then f ∈ [H n (F; π n (F))]φ. Hence f is transgressive and can be realized.
Now suppose K(G, n)
i → E p → B is a Kan fiber sequence of one pointed Kan complexes. By (5.12) the fundamental class ι n ∈ H n (K (G, n) ; G) is transgressive, and
where
and qv = p. Comparing the long exact homotopy sequences of the two fibrations, we see that v is a strong homotopy equivalence of fibrations.
Conversely it is easy to see that strongly equivalent K(G, n) fibrations over B determine homotopic maps B → L π (G, n + 1). Thus we have the following: See [13] .
Definition 5.14. Let K be a connected minimal complex, π n = π n (K), and let X = (X 0 , X 1 , . . . , X n , . . . ) be the natural Postnikov system of K, see [8, 8.5] 
) is a minimal fibration. Hence the fiber, F (n) of X n is a minimal complex of homotopy type (π n , n). It follows that F (n) is isomorphic to K(π n , n). Thus we have a Kan fiber sequence
), but these are both minimal fiber spaces, and a strong equivalence of minimal fiber spaces is an isomorphism , see [8, 12.8] . Thus the natural Postnikov system of K is determined by the homotopy groups of K, the action of π 1 (K) on π n (K), for all n, and the k-invariants of K. Since K is homotopy equivalent to the projective limit of it's natural Postnikov system it follows that the homotopy type of K is determined by it's homotopy groups the actions of π 1 (K), and it's k-invariants. Finally if L is an arbitrary connected Kan complex, L contains a minimal subcomplex K which is a strong deformation retract, see [8, 9.9] . Thus the homotopy type of L is determined by the homotopy type of K.
Example 5.15. If we consider W(π) as a complex over itself via the identity map, then the cannonical section s 0 : W(π) → L π (G, n + 1) is a map over W(π) and
We have the following commutative diagram
Obstruction Theory.
Let (X, A) be a one pointed semi-simplicial pair, Y be a connected Kan complex. We develop a twisted coefficient obstruction theory for the extension of maps f : A → Y and homotopies f 0 |A ∼ = f 1 |A, (rel x 0 ) where
This section generalizes the obstruction theory of P. Olum [10] , where X and Y are total singular complexes of arc connected topological spaces. 
Then F n extends over (X (n) ×I)∪(A×I) by the homotopy extension property. Define f n :
Conversely suppose f 0 has an extension f n : 
Lemma 6.3. f extends over ∆[n] if and only if α(f ) is trivial in
Thusf is an extension of f . Proof. If an extension f 2 exists inducing θ on fundamental groups, then
Now we show that f 1 can be extended to f 2 : (2) be the map determined by x(σ 2 ) = x, and let ∂x : ∂∆ [2] → X (1) be x restricted to ∂∆ [2] . Then the composite map ∂∆ [2] 
by the definition of multiplication in π 1 (X), see [8, 4.1] . Thus f 1 • ∂x extends over ∆ [2] by (6.3), so f 1 extends over x. It is clear from the construction that f 2 will induce θ on fundamental groups.
Definition 6.5. Suppose f 0 has an extension f n−1 : .3), such that f n−1 extends over x if and only if α(f n−1 , x) = 0. Notice that α(f n−1 , x) = 0 whenever x ∈ X (n−1) ∪ A.
Thus we obtain a normalized cochain z( 1 (W, w 0 ) ) is the action determined by the action of π 1 (W) on π n−1 (W).
We require the following to show that z(f n−1 ) is a cocycle.
Lemma 6.6. Let ∂∆ r+1 be the boundary of the geometric (r+1) simplex , let j be a fixed integer 0 ≤ j ≤ r+1, let σ j be the j th -face of ∆ r+1 , let p 0 ∈ ∂∆ r+1 be the leading vertex of ∆ r+1 , and let p 1 be the leading vertex of σ j . Suppose that f, f : Proof. See [10, 6.5] . Note that ω 01 is trivial unless j = 0, so we have
Proof. Let e i : ∆ q−1 → ∆ q , imbed ∆ q−1 as the i th face of ∆ q , q ≥ 1. Suppose x ∈ X n+1 , let x : ∆[n + 1] → X (n+1) be the map determined by x, and let x (n−1) be x restricted to the (n-1) skeleton of ∆[n + 1]. Then we have a composite map i
by (6.6), since F |∂e i (∆ n ) induces the element z(f n−1 )(∂ i x), and e n+1 e i (∆ n−1 ) = e i e n (∆ n−1 ) is the n th face of e i (∆ n ). Furthermore
by (6.6), since F |∂e n+1 (∆ n ) induces the homtopy element z(f n−1 )(∂ n+1 x), e n+1 e i (∆ n−1 ) is the i th face of e n+1 (∆ n ), and
We also use the fact that ω 01 is represented by
Y by
It is straight forward to check that H extends over (X × I) (n) ∪ A × I. Since H(x 0 × I) = {y 0 } we may think of H as being defined on the one pointed complex ( [X×I] (n) ∪A×I)/(x 0 ×I). It follows that H induces an obstruction class h(H) ∈ H n+1 (X×I, A×I; π n (W, w 0 ) φθ ). Where θ : π 1 (X×I) → π 1 (Y) is the homomorphism induced by H. By (6.9) we have
Corollary 6.11. The obstruction class h(f n ) depends only on the based homotopy class of f n . Definition 6.12. Alteration of a semi-simplicial mapping. Let x be an n-simplex of X. Given a map f :
We may consider alterations of the singular n-simplex f (x) : ∆ n → W by homotopy elements α ∈ π n (W, w 0 ).
Note that if y : ∆ n → W is an n-simplex of Y, and u : ∆ n → W is an alteration of y then ∂ i u = ∂ i y ∈ Y n−1 , for all i, and since Y is the minimal subcomplex of S(W) it follows that there exists y ∈ Y n such that y is homotopic to u (rel ∂∆ n ). Thus we may assume that an alteration of an n-simplex of Y is again an n-simplex of Y. Now, given an n-cochain c n ∈ C n (X, A; π n (W, w 0 ) φθ ) we define a new semi-simplicial mapping f a :
Where f (x) is an alteration of f (x) by the homotopy element c n (x).
We commpute the effect of an alteration on the obstruction cocycle.
Lemma 6.13. Given f :
Proof. z(f )(x) , and z(f a )(x) are induced by
homotopic maps X → X × I. We have
Conversely, suppose f 0 and f 1 both induce θ :
We claim that H 0 * = θi * . Therefore, by (6.4) the extension H 2 exists.
An application of the Van Kampen theorem shows that the following diagram is a pushout
.
Hence any α ∈ π 1 (A 01 ) can be written as a product:
where x i ∈ π 1 (X), for all i. It follows that:
On the other hand
Thus H 0 * = θi * .
Semi-Localization.
Let P be a finite collection of prime integers, and let Z (P ) be the integers localized with respect to P. We show that if X is a one pointed Kan complex, there exists
This diagram is characterized by a universal mapping property.
Remark 7.1. Note that if f : X → Y is a semi-simplicial map, then there exits a factorization:
such that i is an inclusion, and p is a fibration. Furthermore the factorization can be chosen so that i or p is a weak homotopy equivalence, as preferred. If in addition X and Y are Kan complexes, then, since p is a fibration, Z must also be a Kan Complex. If X and Y are connected then Z must also be connected. If Z is a connected Kan complex, and z 0 ∈ Z 0 , define a one pointed subcomplex Z ≤ Z as follows. Let Z 0 = {z 0 }. Inductively for q ≥ 1 let
It is straightforward to check that Z is a Kan complex, and the inclusion Z ≤ Z is a homotopy equivalence. It follows that if f : X → Y is a map of one pointed Kan complexes then there is a factorization:
Such that i is an inclusion, Z is a one pointed Kan complex, and h is a homotopy equivalence. Any Kan fiber sequence (Z, p, Y) contains a minimal sub fiber sequence (Z , p , Y ) as a deformation retraction. It follows that there is a commuting diagram: 
Proof. Consider the spectral sequence of (4.2). We have a filtration preserving map of fibrations
Let {E r , d r } be the spectral sequence corresponding to p, and let {E r , d r } be the spectral sequence corresponding to id. Notice that p induces an isomorphism on the 2 nd terms of the spectral sequences, since
But the filtration is finite in each degree, so this implies the result, see [3] .
Definition 7.4. Let X be a one pointed Kan complex, with π = π 1 (X). View X as a complex over W(π) by lettingx : X → W(π) be the unique map inducing the identity homomorphism on fundamental groups, see (3.12) . Then X will be called a π complex.
Definition 7.5.
A π complex which is also a semi-Z (P ) complex will be called a π-semi-Z (P ) complex. 
Proof. (i) If f is a map over W(π) thenŷ • f =x, butx andŷ both induce the identity homomorphism on fundamental groups, therefore f does too.
Conversely if f induces the identity homomorphism on fundamental groups, then so doesŷ • f : X → W(π), butx is the unique map with this property soŷ • f =x.
(ii) Let H : (X × I, x 0 × I) → (Y, y 0 ) be a homotopy f 0 ∼ = f 1 (rel x 0 ). The following diagram commutes:
Then we haveŷ * H * =x * p 1 * . But now it follows from (3.12) thatŷ
Proof. By (7.1) there exists a diagram
where (E, p, B) is a minimal fiber space, and h 1 and h 2 are homotopy equivalences. Since h 1 and h 2 are homotopy equivalences, and f induces the identity map on fundamental groups, p * : π 1 (E) → π 1 (B) is an isomorphism, and p * ⊗Z (P ) : π k (E)⊗Z (P ) → π k (B)⊗Z (P ) is an isomorphism for all k ≥ 2. It will suffice to prove the result for p.
Let F be the fiber of p. E is connected, so we have the following exact sequence of pointed sets
It follows that F is connected. We also have the exact sequence
Hence π 1 (F) ∼ = π 2 (B)/p * π 2 (E), and we see that π 1 (F) is abelian. Tensoring the long exact homotopy sequence of the fibration with Z (P ) we obtain the result
) is an isomorphism for all q, by (7.2) it suffices to prove:
By the universal coefficient theorem it suffices to prove:
We conclude by proving the following lemma:
If n ≥ 2 then this follows from [11] . Suppose n = 1. If G = Z/mZ then In general G is a direct limit of finite sums of cyclic groups. Since homology commutes with direct limits the result follows in general.
(ii) We prove the result by induction on the Postnikov tower for F. LetRemark 7.10. The following are consequences of (7.5).
(i) If Y is a π-semi-Z (P ) complex and g is a map over W(π) then so is h, because h * f * = g * on fundamental groups, and f and g are maps over W(π) so f and g both induce the identity homomorphism on fundamental groups, so h must induce the identity homomorphism on fundamental groups. Hence h is a map over W(π).
( Proof. This is proved in the usual manner from the universal property.
Theorem 7.12. Let X be a π complex, X p be a π-semi-Z (P ) complex and f : X → X p be a map over W(π). If f has the property that whenever G is a Z (P ) module, then f * : H q (X p ; G φ ) → H q (X; G φ ) is an isomorphism for all q ≥ 0, then f is the P-semi-localization.
Proof. By (7.1), up to homotopy equivalence, we may assume f is an inclusion. Let g : X → Y where Y is a semi-Z (P ) complex. Since f is a map over W(π) it induces the identity homomorphism on fundamental groups, so the following diagram commutes:
Where θ = g * . Thus g extends to h 2 : X Example 7.17. Let P be the empty set, in which case Z (P ) = Z (0) = Q, the rational numbers. Let S = S 2n+1 be an odd dimensional sphere, π be a finite group, and suppose S has a C.W. complex structure such that π acts freely, cellularly on S. Let X = S π . S is the universal cover of X, and .
